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Abstract. We consider the KP-I and gKP-I equations in R x (R/27rZ). We prove that the KdV 
soliton with subcritical speed < c < c* is orbitally stable under the global KP-I flow constructed 
by lonescu and Kenig [11]. For supercritical speeds c > c*, in the spirit of the work by Duyckaerts 
and Merle [S], we sharpen our previous instability result and construct a global solution which is 
different from the solitary wave and its translates and which converges to the solitary wave as time 
goes to inflnity. This last result also holds for the gKP-I equation. 



1. Introduction 

Consider the KP-I equation 

(1.1) dtu + ud^u + dlu - d-^d^u = 0, x E M, y G 5^ = M/(27rZ). 

The antiderivative in (jl.ip is defined as the multiphcation of the Fourier transform with the 
(singular) factor (z^)~^. This equation introduced in [12j is a model equation for the propagation 
of long waves weakly modulated in the transverse direction which arises in many physical models. 
For example, it is an asymptotic model for the propagation of capillary-gravity waves, (see [1] for 
example), or for travelling waves in Bose-Enstein condensates (see [7] for example). 
Let us consider the KdV soliton 

(1.2) 5c(t,x) = cQ(V^(a;-ct)), c> 0, Q(x) = 3ch"2(x/2) . 

We have that Sc is a solution of the KP-I equation (ll.ip . It is independent of y and thus it is also 
a solution of the KdV equation 

dtu + udxU + d^u = 0. 
The following classical result is due to Benjamin [3]. 

Theorem 1.1 ([3]). Sc{t,x) is orbitally stable as a solution of the KdV equation. 

It is then a natural and physically relevant question to ask whether Sc{t, x) is stable as a solution 
of the KP-I equation (jl.ip . As will show here the answer is positive if c is small enough while it is 
known that it is unstable for large c (see below and |16^ I21|). 

Before addressing the stability issues one should construct a global flow of (jl.l|) in a suitable 
functional framework. For that purpose, following [11] . we define the spaces = Z^(R. x S^) as 

z^ = {u: 11(1 + ler + \r'knu{tmLHR,>cz,) < 00} 

equipped with the natural norm. The following result is due to lonescu and Kenig. 
Theorem 1.2 ([llj). The KP-I equation (II. ip is globally well-posed for data in Z^(M x S^). 



The spaces are closely related to the structure of the KP-I conservation laws (see |22|). 
The above global well-posedness requires the use of the three first invariants, nevertheless, in this 
paper, we shall only need to manipulate the two first KP-I conservation laws. Let us recall them. 
By multiplying (jl.ip by u and integrating over M x S^, we obtain that the norm is formally 



conserved under the KP-I flow. Next, by multiplying (jl.ip by ^u^+5^m— 9^. "^dyU and an integration 
over R X 5^ yields that the energy (which is the Hamiltonian) 

E{u) = \j {{d..uf + {d^'dyuf) -\ju' 

is also formally conserved by the KP-I flow. By using an anisotropic Gagliardo-Nirenberg inequality 
(see ()2.9p below), the space can be identified as the energy space for the KP-I equation, i.e. the 
space of functions such that the two first conservation laws are finite. 

In our previous work, we have proven the instability of Sc as a solution of the KP-I equation 
(jl.ip for c large enough. 

Theorem 1.3 (|16j). Sc{t,x) is orbitally unstable as a solution of the KP-I equation (jl.ip provided 
c > 4/-v/3- More precisely, for every s > there exists r] > such that for every 6 > there exists 
Uq £ Z'^ n if* and a time | log 6\ such that 

\\uf,{x,y) - Sc{0,x)\\Hs(Rycs^) + \Wf,{x,y) - Sc{0,x)\\zi(rxs^) < ^ 

and the (global) solution of the KP-I equation, defined by Theorem with data Uq satisfies 

(1.3) inf \\u{T\x- a,y) - Sc{T\x)\\L2^Ky^s^) > V- 

For the proof of Theorem 1 1.3j we refer to [16]. Another proof based on the existence of a Lax pair 
for the KP equation was obtained previously by Zakharov in [21]. The advantage of the approach 
of [16] is that it is fiexible enough to be adapted to more general and non-integrable settings. 
Namely, in [T7], we proved that an analogue of Theorem 11.31 holds if we replace udxU by u^dxU, 
p = 2,3, and we also succeeded to extend the approach of [16] to prove the transverse instability 
of capillary-gravity waves in the full water waves system, [18] . 

Note that equation (II. ip is reversible in the sense that if u{t,x,y) is solution of ()l.ip . then 
u{—t, —x,y) is also a solution. Since Sc{—t, —x) = Sc{t,x), this yields that the instability result of 
Theorem 11.31 also occurs for negative times: the solution of (jl.ip with data Ug(— x,y) verifies the 
estimate p.3p at the time —T^. 

Finally, let us point out that Theorem 11.31 does not yield the instability of small speeds solitary 
waves. The stability of these waves is the first question that we want to address in this paper. Let 
us now state our first result. 

Theorem 1.4. Sc{t,x) is orbitally stable as a solution of the KP-I equation (jl.ip . provided c < 
4/^/3. More precisely, for every e > 0, there exists 6 > such that such that if the initial data uq 
of the KP-I equation (jl.ip satisfies uq G Z^(R x 5^) and 

\\uo{x,y) - 5c(0,x)||^i(Kxsi) < ^ 

then the solution of the KP-I equation, defined by Theorem with data uq satisfies 

sup inf \\u{t,x- a,y) - Sc{t,x)\\zimy.s^) < £■ 

In the case of the gKP equation i.e. with nonlinearities u^dxU, p = 2, 3 instead of udxU, there is 
no available global well-posedness result, nevertheless the arguments that we use for the proof of 
Theorem 11.41 vield a conditional stability result of solitary waves of small speeds in the sense that 
the statement of the above Theorem holds as long as the solution exists. Indeed the three main 
points of the proofs which are Lemma l2.1l (KdV orbital stability). Lemma 12.21 and the anisotropic 
Sobolev inequality (j2.9p still hold for p = 2, 3. 

Let us notice that Theorem 11.41 is against the usual intuition that the KdV soliton is unstable 
under the KP-I flow. 
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Finally, let us recall that the stability properties of Sc in the KP-II equation 

dtu + ud:^u + dlu + d'^dyU = 0, x G M, y G S'\ 

are very different. The spectral stability of the wave was obtained in [2] for all speeds c > 0. More 
recently, the full nonlinear stability i.e. the analogous of Theorem 11.41 with the space changed 
in was also obtained for all speeds c > in |14] . Moreover in the context of the KP-II equation 
a suitable asymptotic stability statement is proved in [H] while Theorem 11.41 onlv provides orbital 
stability. 

The second goal of this paper is to describe more precisely the instability statement of Theo- 
rem 11.31 by constructing solutions displaying the instability by their behavior at infinity. Let us 
first observe that by changing the frame 

v{t,x- ct,y) = u{t,x,y) 

it suffices to study the stability of Qc{x) = cQ{^/cx) under the flow of the equation 

dtv — cdxV + vdxV + d^v — d~^dyV = 0, x e M., y e S-^ , 

i.e. we may reduce the matters to studying stationary solutions, by adding the new term —cd^v to 
the equation. We shall thus consider the gKP-I equation in a moving frame 

(1.4) dtu-cdxU + uPdxU + d^u-d-^dyU = 0, p= 1,2,3, xeR,y£S\ 

It is well-known that (jl.4p still has stationary solutions of the from Rc^p{x) = cp Rp{^/cx), c > 0, 
where Rp is a rapidly decreasing function. This solution is orbitally stable under the flow of the 
gKdV equation (see [20] for example) 

dtu — cdxU + u^dxU + d^u = 0, p = 1,2,3, x G M. 

However, there exists speeds c such that it is unstable as a solution of (II. 4p . This fact was shown 
in |17] Theorem 1. Here we shall extend and make more precise the result of |17j by showing the 
following statement. 

Theorem 1.5. Let s > 0. For p = 1, 2, 3, there exists c* > such that for every c > c* the 
following holds true. There exists uq £ {H^ fl Z^){U. x S^) and u G C([0, oo); i/'* fl Z^) a solution 
of (|1.4p such that dyUQ ^ and 

(1.5) lim \\u{t,x,y) - i2c,p(a;)||//.nzi = 0. 

t^oo 

In the case of the equation (II. ip . we have c\ = 4/-v/3- For the gKP equation, we shall only prove 
the existence of c* by an abstract argument. Note that the c* that we shall provide is optimal in 
the sense that for c < c*, we have the conditional stability of the solitary wave (see Remark l3.2p . 
Let us observe that the above statement implies the instability of Rc,p-, as a solution of (11. 4p in the 
sense of Theorem 11.31 Indeed let us show that the above statement implies instability in . We 
reason by contradiction. Suppose that i?c,p is stable in Z^ (see the statement of Theorem ll.4p . The 
problem is invariant by time translations and thus by applying the stability assumption for t ^ 1 
thanks to (jl.5p . and using the stability conclusion backwards in time, we get that for every e > 
there exists a[e) such that 

\\uo{x,y) - Rc,p{x - a{£))\\zi <£■ 
On the other hand, using a Fourier expansion in y, we have that uo{x, y) = vo{x) + wo{x, y), wq 
and wq is with zero mean in y. Thus 

\\uo{x,y) - Rc,p{x - a{e))\\zi > ||no(x, y) - i?c,p(x - a(e))||L2 > \\wo{x,y)\\L2. 

Therefore we obtain that ||it;o||i2 < e for every e > 0, i.e. wq = G which is a contradiction. 
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The result of Theorem 11.51 may be compared to the classical results of existence of strongly 
stable manifolds for ordinary differential equations. Indeed, for c > c*, the linearization of (|1.4p 
about Rc^p has an unstable positive eigenvalue, hence by the symmetry of the spectrum due to 
the Hamiltonian structure, there is also a negative eigenvalue and one can find the most negative 
one. To get Theorem 11.51 we shall prove that there is a strongly stable manifold to -Rc,p associated 
to this most negative eigenvalue. Note that Theorem 11.51 provides an example of a global in time 
solution different from the solitary waves (recall that for p = 2, 3 no large data global existence 
result is known). Results of this type were proven by Duyckaerts and Merle [8] in the setting of 
the Nonlinear Schrodinger equation and in [B] for the gKdV equation for p > 4 (note that we have 
restricted our study to p = 1, 2, 3 since for p > 4, i?c,p is already unstable as a solution of the 
gKdV equation). The main difference with [8], [6] is that here we have a quasilinear problem for 
which the semi-linear fixed point argument used in these works cannot be used. We use instead 
a quasilinear scheme based on the simplest high order energy method (i.e. the classical one for 
hyperbolic systems). 

The remaining part of this paper is organized as follows. In the next section, we prove Theo- 
rem 11.41 Then we present the proof of Theorem 11.51 



2. Proof of the stability theorem 

In this section we prove Theorem 11.41 We need to study the stability of Qc{x) = cQ{^/cx) as a 
solution of 

(2.1) dtv - cd^v + vd^v + d^v - d'^d^v = 0, x eR, ye S^. 

Consider the energy (Hamiltonian) associated to (j2.ip 



H(v) = 



oo JO 



2n 



dxdy. 



The quantity H{v) is invariant under the flow of (|2.ip established in [TT]. Write the Taylor expansion 



H{Qc + w) = H{Q,) + DH{Q,) [w] + \d^H{Q,) [w, w] + \d^H{Q,) [w, w, w] 

2 D 



where 



DH{Q,)[w] 



2tt 



-oc Jo 
oo 



'^Q'cdxW + 2cQcW — Q'^w dxdy 



2tt 



2w 



oo Jo 

thanks to the equation solved by Qc- Next 



Qc+cQc-^Ql 



dxdy = 0, 



D^H{Qc)[w,w] = 2 



oo Jo 



{dxwf + {d'^dywf + cvo^ - QcW^ dxdy = B'^iw, w) 



Of course the quadratic form B'^{w, w) is induced by the symmetric form 



B''{wi,W2) = ^{B''{WI + W2, wi + W2) - B''{wi 



W2,Wi - W2)). 



Finally, 



D^H{Qc)[w,w,w] 



2n 



For /i,/2 G H\R), such that 8-^/1,8-^/2 G 



00 JO 
and k G 



w^dxdy. 
Z*, we set 



Bl{hj2) = 2 



f'if2 + k\8-'h)i8-'f2) + c/1/2 - Qe/1/2 
4 



dx. 



Next, for /i, /2 G H^{^), we set 



/OO |- 
f[f2 + cflf2-Qcflf2 
'OO 



dx. 



Note that Bq is the bihnear form associated to the second derivative of the KdV Hamiltonian about 
the KdV soHtary wave. We thus have the following classical stability property: 

Lemma 2.1. There exists C > such that for every c > 0, every g G H^{M) satisfying 

/OO fOO 
g{x)Qc{x)dx = I g{x)Q'^{x)dx = 
-OO J — OO 

one has 

B'o{g,g)>c{\\g'\\l,+c\\g\\l,). 
Proof. Set /(x) = g{c~2x). Then 

1 

f{x)Q{x)dx = c~2 / g[x)Qc{x)dx = 0. 



Similarly 

{•OO 

f{x)Q'{x)dx = 0. 



Therefore by the stability theory of Q as solutions of the KdV equation (see e.g. [5] and the 
references therein) we have 

Bl{fJ)>C\\f\\l.>C\\f\\l,. 

A direct computation shows that 

Bl{fJ) = c-"^B'^{g,g), \\f\\L2 = Mg\\L2 . 

Thus 

(2.2) B^^{g,g)>c\\g\\l,. 

On the other hand, coming back to the definition of BQ{g,g), we obtain that 

(2.3) B'oia.g) > 2\\g'\\l2-Ac\\g\\l2. 

The claim of Lemma 12.11 is now a direct consequence of (j2.2p and (j2.3p . □ 

The next step will be to get a bound from below for B^{f, f) when k ^ 0. This is the key point 
of the proof of Theorem 11.41 We shall first state a robust result for small enough speeds which can 
be easily transfered to the gKP-I equation. 

Lemma 2.2. There exists C > such that for every c < 1, every k £ Z,* and every f £ such 
that d^^ f £ , we have the estimate 

Bl{fJ)>C{l-c){\\f\\l.+k^\\d-'f\\l,). 
Proof. Since ch(x) > 1 for every x G M, we can write 

dx 



BlifJ) > 2 (/(x))2 + (a,"V(x))2 + c(/(x))2-3c(/(x))^ 

J — oo 

/OO 
\f{o\'m' + \c\-'-2c)dc 
-OO 



> (i-c)ii/iii. 



On the other hand coming back to the definition of B'^{f, /), we obtain 

B',{f,f) > 2\\f'\\l^+2k'\\d-'f\\l,-Ac\\f\\l,. 

Thus 

ii/'iii^ + k^d-'fwi, ^ f) + Y^^B^if^ /) ^ T^c^kif, /)• 

This completes the proof of Lemma 12.21 □ 

In the case of the KP-I equation, we can get a more precise statement: 

Lemma 2.3. There exists C > such that for every c < 4/\/3, every /c G and every f £ 
such that f £ LP' , we have the estimate 

Bl{fJ)>c{\\f\\l. + k'\\d-'f\\l,). 

An analogous statement holds for the gKP-I equation see Remark 13.21 below. 
Proof. Again, we can use that 



Blif, /) > 2 / {f'{x)f + {d-'f{x)f + cU{x)f - Qcif{x)f 



dx. 



Next, let us set u = d^^f, then we have 

(2.4) >2Q(n,n), u = d-'f, 

where 



dx 



Qiu, u) = / {u"{x)Y + {u{x)Y + c{u'{x)y - Qc{u'{x)y 

J — oo 

and we note that Q is the symmetric form associated to the operator 

McU = 'u(^) - ((c - Qc)u')' + u. 

Note that Mc has a self-adjoint realization on with domain H'^. Since Qc tends to zero ex- 
ponentially fast at ±oo, we get that Mc is a compact perturbation of the operator — cd^ + 1 
and by using the Weyl Lemma, we get that the essential spectrum of Mc is in [l,+oo[. To get a 
useful bound from below for Q, we thus only need to prove that has no nonpositive eigenvalue. 
Therefore, let us study the eigenvalue problem 

McU = Xu, A < 0, ue H^. 

Note that a nontrivial solution u of this problem is actually in and that one can write u = v' 
with V E . The problem for v reads 

't;(^) - (c - Qc)v" + v = \v. 

Motivated by the expression (|1.2p for Qc, we set v{x) = and we get for w{y) the eigenvalue 

problem 

(2.5) w^^^ -Ail- ^^)w" + 2,v'^w = 

ch y 

where > is defined by 

(2.6) 3i/2 = l|(l-A). 

Consequently, the equation (j2.5p has the same form as the eigenvalue problem studied in [2] (see 
also the Appendix of [M])- It corresponds to the case A = in the notation of [2]. This case was 
not studied in [2], nevertheless the same kind of arguments can be used to analyze it. 
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Since l/ch^y tends to zero exponentially fast, the solutions of ()2.5p behave at infinity like the 
solutions of the constant coefficient equations 

_ iuj" + Si^'^w = 0. 

The characteristic values of this linear equation are roots of 
(2.7) / - Afi^ + 3iy^ = 0. 

Consequently, we get that for > there are two roots of positive real part and two roots of 
negative real parts. Moreover, for u"^ ^ 4/3 the roots are simple. Next, by using [2], we get that 
for every characteristic value /i, 

qM = + 2/^ - 3/i'tanh y) 

is an exact solution of (j2.5p . This yields that for v"^ ^ 4/3, (5(^^,(7^2) with /Ui, ^2 the two charac- 
teristic values of positive real parts is a basis of the solutions of (j2.5p which tend to zero when y 
tends to —00. Consequently, there is a nontrivial L?' solution of (|2.5p if and only if there exists a 
nontrivial linear combination of g^i,g^2 which tends to zero when y tends to +00. If such a linear 
combination exists, since /ii ^ fi2 this implies that 

lim e->'^yg^^{y) = 0, i = 1, 2. 

y— !>+00 

This yields + 2^j — 3/U^ = 0, i.e. /ij = 0, 1, or 2. Obviously, for v > 0, and 2 are not solutions 
of (12. 7p while for = 1, we obtain 1/^ = 1 and hence by using ()2.6p we obtain 

^ f - A). 

Consequently, there is a nontrival solution with A < if and only if > As in [2], we get the 
same result in the case that /i is a double root by using (g^, |^) as a basis of solutions. 

We have thus proven that for c < 4/-v/3, the eigenvalues of Mc below the essential spectrum are 
positive, this yields that there exists q > such that 

Q{u,u) = {Mcu,u) > a\\u\\l2, yu£H^. 

Consequently, thanks to (|2.4p . we get that 

Btif,f)>2a\\d-'f\\l,. 

On the other hand, the bound from below for B'j^ used in the proof of Lemma 12.21 yields 

^ (1^1' + ^-2c) 1/(01'- 

Consequenty, by combining the two estimates we get that for every ^ > 0, there exists C{A) > 
such that 

/+00 / 1-1-4 \ f+00 , , 

^ (i^i' + ^-2c)i/(e)P> J ^ {2VTTA-2cj\m\'. 

By choosing A such that \/l + A > c we thus get that 

B'dfJ)>\\f\\h 

and we end the proof as in the proof of Lemma 12.21 □ 



Let us now come back to the proof of Theorem II. 4i We first use the imphcit function theorem 
to the map F : x M R, defined by 

F{u,f3)= / / u{x + f3,y)Q'c{x)dxdy. 



J-oc Jo 

Since 

f) F 

F{Q„ 0) = 0, — (Q„ 0) = 2^||Q'J|2, / 0, 

we obtain that if the initial data is close to Qc in then there exists a modulation parameter 
7(t), defined at least for small times, so that 

v{t, X + 7(t), y) = Qc{x) + w{t, X, y) 

with 

/oo /'27r 
/ w{t,x,y)Q'^{x)dxdy = 0. 
-oo Jo 

Recall the conservation law 

H{v{t)) = H{v{0)) = H{Q, + w{0)), 
where w^O) is small in Z^. On the other hand 



H{v{t)) = H{Q, + w{t)) = H{Q,) + B''{w{t),w{t)) - \ T f 

^ J-oo Jo 



oo f2TT 
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w {t, X, y)dxdy. 



By the anisotropic Sobolev inequality 

(2.9) \\u\\lv <C\\u\\J\\dM\J\\d^^dyu\\J , 2<p<6, 

we infer that 

^>oo /•2lT 

/ w^{t,x,y)dxdy < . 

oo Jo 

For the proof of (j2.9p . we refer to [1| or |13] (Lemma 2, page 783). 
Next, we can write 

B'^{w{t),w{t)) = B^oiw{t,;0),w{t,;0)) + Yl B^k{w{t, ■ , k) , w{t, ■ , k)) , 

kez* 

where here we use the notation 

f-2TT 

w{t, x, k) = (27r)-^ / er'^yyoit, x, y)dy, 
Jo 

for the partial Fourier transform of w with respect to the periodic variable y. Let us observe that 



;{t, X, y) = w{t, x,0) + ^ e'-^yw{t, x, k) 



fcez 

and that (the time t being a passive parameter) 

|2 



(*r,0)||^i(K)+ 5^ (\\w{t,-,k)\\mm + ^''\\dxMtr,k)\\l,^ 
By the orthogonality condition (j2.8p . we obtain that 

/■oo 

(2.10) / u;(t,x,0)g'^(x)dx = 0, 



since for k ^ 0, 

roo /•2iT 

/ e'''yw{t,x,k)Q'^{x)dxdy = 0. 

-oo Jo 

Next, let us assume that the initial perturbation is such that ||?^(0, •)||j;,2(irxS'1) = ||Qc||l2{Rx51)) 
then thanks to the conservation of the norm, we get 

(2-11) \\v{t, ■)\\l^(RxS^} = 11^(0) •)IIl2(MxS1) = I|QcI|l2(RxS1) • 

Write 

w{t, X, y) = aQc{x) + wi{t, x, y), 

where 

/ Qc{x)wi{t,x,y)dxdy = 0. 
-oo Jo 

Recall that v{t, x + 'y{t),y) = Qc{x) + w{t^ x, y) and using (|2.11|) . we get 

\{Qc,w{t,x,y))\ < ^||u^(t)|li2(iRxSi)' 
where (•, •) denotes the L^(]R x S^) scalar product. On the other hand 

{Qc,w{t,x,y)) = a||<3c||i2(Kx5i) • 

Thus 

(2.12) l«l<ll«^(i)lli2(Rx5i)- 
We now write 

B^{w{t),w{t)) = B^iaQc + wi{t, ; 0), aQe + wi{t, •, 0)) + BHwlit, •, k),unit, •, k)) . 

Using Lemma [231 for c < 4/\/3 and A: £ Z*, 

Bl,{wi{t,-,k),wi{t,-,k)) > \\wi{t,-,k)\\j^i(^^^ + k^\\d~^wl{t,-,k)\\l2(^^y 
Next, we expand 

B^{aQc + wi{t, ■,()), aQc + wi{t, -,0)) = 

B'oimit, ■,0),m{t, -,0)) + 2aB'oiQc,wlit, -,0)) + a^B'oiQc, Qc). 
Since thanks to our orthogonality conditions we can write 

/oo 
wi{t,x,0)Q'^{x)dx = 0, 
-oo 

we can apply Lemma 12.11 and get 

B'oiwl{t,;0),Wi{t,;0)) > ||^^(i,-,0)||^i(ij). 

On the other hand thanks to (j2.12p 

«'SS(Qc,Qc) < lkWlli2(MxSi) ^ II^WIlli • 

Next, we can write 

•,0)||l2(k) < \\wi{t,X,y)\\L2 = ||'Wl(t)||L2(Kx5i) < \\w{t)\\L2(RxS^) ■ 
Thus, by invoking again (|2.12p . we get 



|2ai?S(Qc,S^(t,-,0))| < \\w{t)\\%,. 



In summary, we get the bound 

B'^{wit)Mt)) > \\Mt)\\h-c[\\wm%i + \\Hmh) 

> imt)|||,-c(H2 + |Kt)|||, + |Kt)|||,) 

> IKt)|||i-c(|Kt)|||. + |Kt)|||.). 

Therefore, we arrive at the bound 

II^WIlli < \HiQc + wm - H{Q,)\ + \\w{t)\\\, + \\w{t)\\%, . 
Thus by a bootstrap argument, we get the stabihty statement for initial perturbations such that 

\H0)\\l2 = \\Q,\\l2. 

To get the stabihty for general perturbations, we use the classical scaling argument. We note 
thanks to p.2|) that ||(5c||l2 = C4. Consequently if ||'y(0) — QcUl^ is small for some c < 4/-v/3, then 
we can find some c close to c (and thus smaller than 4/-v/3) such that ||t'(0)||^2 = HQcIIl^- By the 
stability property already estabished, we get that 

supinf ||u(t,x — a,y) — Qc{x — ct)\\zi- < £ 
t « 

and since 

supinf \\Qc{x - ct- a) - Qc{x - ct)||^i = \\Qc - Qc\\m 
t a 

is small when c is close to c the result follows. This ends the proof of Theorem 11.41 

3. Proof of the instability theorem 

In this section, we prove Theorem 1 1.51 We first perform a scaling argument which allows to reduce 
the matters to a fixed speed with varying period and therefore we will enter in the framework of 
our previous works [Ml [17] . 

Consider thus the equation 

(3.1) dtu + uPd:rU + dlu-d~^dlu = 

1 1 

with a particular solution Rc{x — ct) = cp R{c'2 (x — ct)) (we shall omit the index p in Rc^p and Rp 
throughout the proof for the sake of clarity) . 

We now observe that for A > 0, if u{t, x, y) is a solution of (j3.ip then so is 

2 

u\{t, X, y) = Xpu{Xh, Ax, X^y) . 
Suppose now that for some L > we have a solution of (j3.ip for x G M, y G M/(27rLZ) such that 
(3-2) ^lim ||u(t,x,y)-i?(x-t)||(^.nzi)(Mxi8/(27rLZ) =0 

and 

(3.3) dyu{0,x,y) ^0. 

Set 

n(t, X, y) = Lpu{L^t, Lax, Ly) . 
Then u{t, x, y) is a solution of (j3.ip which is 27r periodic in y. Moreover, a direct computation 
shows that for a suitable constant C{L), 

1 1 

\\u{t,X,y) - LpR{L2{x - Lt))||(//£nZi)(R,xM^/(27rZ)) 

= C{L)\\u{L^H,x,y) - R{x - L5t)||(^snzi){i8,xM^/(27rLZ)) 
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where if£(M x My/(27rZ)) and Z^(R x Mj^/(27rZ)) are the standard spaces equipped with the equiv- 
alent norms 

\Mhi = m+\c/L^'+\k\'m,mL^R,xz,), \Mzi = m+\c/L^\'+\ic/L-^r'knu{tmLHR,x: 

Therefore u{t,x,y) satisfies the conclusion of Theorem II. 5[ 

We shall take L = c in the following in order to study the stability of the solitary wave with 
speed one submitted to L periodic transverse perturbations. We thus restrict our attention to the 
construction of a solution u of (13. ip satisfying (13. 2p and ()3.3p . 

We shall need to construct a dynamics asymptotically close to R under the flow of the equation 

(3.4) dtu + Au + ^dx{uP+') = 0, 

p+l 

posed on M^; x M.y/ (27rLZ) for a suitable value of L, where A is defined as follows 

Following [9] and our previous works \16\ [17] , we look for a solution of (13. 4|) under the form 

(3.5) u{t) = uap{t) + v{t), t>0, 
with 

M 
k=0 

where <C 1, M ^ 1 and Uk{t) are defined iteratively starting from uq = R. The second term is 
defined as 

(3.6) ui{t) = e-^^if, 

where (p{x,y) = l ^(x) for some no 7^ with G r\sH^{U.) is such that 

(3.7) Aif = — o"(/?, fj > 0, 

where Aw = Aw + dx{R^w) is the linearized operator around R and cr is the largest value for which 
the above equation has a nontrivial solution. Note that if u(t, x, y) solves 

(3.8) dtu + Au = ^ 

then v{t, X, y) = u{—t, —x, —y) also solves this equation. This implies that if A is an eigenvalue of A 
so is —A. Consequently the a we are looking for is exactly the one for which (j3.8p has an unstable 
eigenmode with maximal growth rate under the form e e^~tp{x). In |16j . for p = 1, by using [2], 
we have shown that such a solution exists for L > 4/\/3. In the case p = 2,3 the existence of an 
interval of L's such that the problem corresponding to (13. 7p has a nontrivial solution, is shown in 
|17j |19j . We can actually sharpen this result as follows. 



Lemma 3.1. There exists L* > such that for every L > L* , there exists a solution of ()3.7p under 
the form (p{x,y) = e^Lipix) with ip £ risH''{R) and d~^ip G L^(]R). 

Proof. By using the above remark, it suffices to construct a solution of Af = CT(p, c > 0. This 
eigenvalue problem can be set in the framework of [19]. We get that ip solves 

aiP = dx{ - - k^d-^ + 1 - RP)ip. 

We are interested in values of k under the form k = j^. For k 0, ip is necessarily under the form 
ip = dxU and we get that U solves 

(3.9) - adxU = ( - dx{-dxx + 1 - R^)dx + k^) U. 
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Therefore, this eigenvalue problem can be put in the framework of |19| with 

A{k) = -d,, L{k) = -d,{-d,, + 1 - RP)d^ + 

By using [lU], we get that there exists A:o > such that L{ko) is nonnegative and has a one- 
dimensional kernel. Moreover, since L'{k) is positive in the sense of symmetric operators, we get 
that there exists a unique ko ^ such that L(ko) has a non-trivial kernel. Moreover, thanks 
to the implicit function Theorem we have shown in [19] that for every a real and close to zero, 
there exists k{a), U{a), depending smoothly on a, and solutions of (j3.9p such that A;(0) = ko and 
^i^) = X + ^('^); W^(0) = 0, with X an element of the kernel of L(/co) and 

(3.10) {W{a),x) = 0, ||xIIl2{r) = 1 

where (•, •) stands for the L^(]R) scalar product. 

By taking the derivative of ()3.9p with respect to a, we first obtain that 

-da:X = k'{0)L'{ko)x + L{ko)W'{0). 
Consequently, by taking the scalar product with x, we get that 

(3.11) A;'(0) = 0, Liko)W'{0) = -d^x- 
Next, we can compute the second derivative. This yields 

-2d^W'{Q) = k"{0)L'{ko)x + LikQ)W"{0) 
and hence by using ()3.1ip . we obtain that 

k"(n) = .olM^Ml^ = {L{ko)W'{o),W'm 
^ ^ {L>{ko)x,x) {L'{ko)x,x) ■ 

Indeed, the numerator is positive by using that L{kQ) is positive on the orthogonal of x a-^d that 
Ty(0) is orthogonal to x thanks to (j3.10p . This proves that for a close to zero, we have 

fc(cj) = fco — KO"^ + • • • 

with K > and hence that the instability occurs for k < /cq. Moreover, by using the Appendix of 
|15j . since L{k) has at most one negative eigenvalue, we know that there exists at most one solution 
of (13. 9p with a of positive real part (and thus that a is necessarily real). Consequently we get that 
there exists a continuous curve cr{k) defined on a maximal interval {K* , ko) such that cr{k) > for 
every k in this interval. We claim that K* = 0. Indeed, if K* > since a remains bounded (see 
|17j ) the only possibility is that liiUk-^K* ^{^) = 0. But this implies that L{K*) has a non-trivial 
kernel which is a contradiction. Consequently, we get that there is a nontrivial solution of (13.9P 
with o" > for every k £ (0,A;o). To conclude, it suffices to remember that k must be under the 
form k = 1/L. Hence we get a solution for L > l/ko. □ 

Remark 3.2. Note that by the above argument, we also get that L{k) has no nonpositive eigenvalue 
for < \k\ < kQ and hence that L{n/c), n G Z has no non positive eigenvalue for c < I/Zcq. This 
yields that in the case of the gKP-I equation, Lemma \2.3\ and hence the formal stability of the 
solitary wave holds for every c < l/Zco- 

By using the above Lemma [3. H we get that for L > L* there exists a nontrivial solution of (13. 7p . 
Next as in [16], |17j . we can choose uq ^ such that a is maximal. 

For the end of the proof, we shall only consider the case p = 1, the analysis for other p's being 
analogous. 

For k > 2, Uk{t) is defined as a solution of the linear problem 

^ fc-i 
dtu + Au + -dx ^ UjUk-j^ = 

12 



such that Hm(_5._|_oo ||iife(i)||_f/'= = 0, i.e. 

k-l 

Uk{t) 



1 r ,-it-r)A9^ ( ^ (^r)n,., (r)) dr. 

7 = 1 



To estimate u^, we can use that thanks to |161 [T7] . we have that for every s > 2, 

(3.12) lle-'-^^") ||h»+i(r)^h»(r) < C(n)e('^+'')l*l , t G M, 
provided ry G (0, cr), where A{n) is the Fourier transform of A with respect to y, i.e. 

^(n)(ii;) = (03 _ d^)w + n^^-^ii; + d^{Qw) . 

Indeed, in [TBI E]) (see Theorem 10 of [16]), we have proven that for every F{t,x) such that 
II-^(OIIh''+i(e) ^ C's+ie'''*) 7 > o") the solution of 

dtu + ^(n)ii = dxF, u/t=Q = 

satisfies the estimate 

(3.13) \\u{t)\\Hs < Cs+ie^\ Vt>0. 

Note that in the statement of Theorem 10 of [16] the assumption 7 > 2cj is made but that the 
result indeed holds as soon as 7 is such that 7 > a (see the resolvent estimate of Theorem 11). 
From this estimate, one can easily obtain the semigroup estimate ()3.12p . Since we want to estimate 
the solution of 

dtv + A{n)v = 0, -y/i=o = '^^0, 
we can estimate it by using the decomposition 

v{t) = w{t) + u{t) 

where w{t) solves 

dtw + A{n)w = 0, w/t=Q = vo, A{n) = — + n^0~^ 

and u solves 

dtu + A{n)u = -dx{Qw) , w/i=Q = 0. 
From the explicit expression in the Fourier side, we immediately get that for every s > 0, we have 

\\w{t)\\H'> < WvqWh'^ 

and then by using (|3.13p . we get that 

\\u{t)\\H- < e'^^\\vo\\Hs+i 

provided 7 > cr. The estimate (|3.12p for t > then follows. The estimate for negative times is 
again the consequence of the symmetry t — )• —t, x — )• —x of the equation. 

Therefore, using that ui and thus U2 has a compactly supported Fourier transform in y, we infer 
that for t > 0, 

Similarly, one obtains by induction that 

(3-14) \\ukii)\\H'>{Rxm/{2iTLZ)) < Ce'^"^ 

and as a consequence 

(3.15) ||7^(^)|U.(MxM/(2.LZ)) < , 

where 



n = {dt + A)uap + \dx{ulp). 
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Coming back to (j3.5p . we obtain that v{t) solves the problem 

(3.16) dtv + Av + 2dx{uapv) + vd^v + 7^ = 0. 

We shall construct a solution of (|3.16p as a limit of a sequence (fn)n>o defined as follows. We set 
= and for a given Vn, we define Vn+i as the solution of the linear problem 

(3.17) dtVn+l + AVn+l + 2dx{UapVn+l) + VndxVn+l + 7^ = 

which vanishes at +00. Namely, if we denote by Sy„{t,T) the flow of the linear problem 

(3.18) dtu + Au + 2dx{uapu) + Und^u = 0, 
we define Vn+i as 

5,Jr,^)(7^(r))dT. 

Taking for s > 2 the scalar product of (j3.18p with u gives that the solutions of (|3.18p satisfy 
the energy estimate 

J^Wuim^js < C{\\uap{t)\\w^+.,^ + \\Vn{t)\\H^)\\u{t)fH. . 

Therefore, we obtain that if Vn ranges in a fixed ball of -L°°([0, +cx3); H^) then 

(3.19) \\S.,At.r)\\Hs^Hs <e^\ t > 0, 

where A > C + CSM. We now fix M large enough and 6 small enough so that C+C6M < a{M + l) 
and choose A in between. Therefore, using (j3.15p and (j3.19p . we obtain that for every s > 2, there 
exist Cs > and a > such that for every n > and every t > 0, 

(3.20) \K+m\H^<C6^''-'e-(^'+^^'^\ 

Next since dtVn is bounded in C([0, T],L^) for every T, we get by standard arguments that 
there exists v G C(]R+,i/°") for every a < s such that, up to a subsequence, f„ converges to v in 
CiocO^+, H°'). This yields that v satisfies the equation (I3.16p . Moreover, by passing to the weak 
limit in (I3.20p . we get that v satisfies 

(3.21) lb(t)||H» < Ce-"(^'^+^)*, t>0. 
Since u = Uap + f , we immedately get thanks to (j3.6p . (13.14p that 

(3-22) ll-U - Q||/f»(I8xM//27rLZ) ^ ■ 

Let us now get the claimed bound in Z^. For that purpose it suffices to recall that u = Uap + v 
solves p.4p and observe that ti is a perfect x derivative, i.e. 

1 l-OO 

u{t) = --d,J^ e-(*-^)^(n2(r))dT. 

Indeed, this yields 

/oo 
\\dy{u'^)\\L2dT 

and since Q does not depend on y, we get from (j3.22p that 



Finally, the condition dyu{0,x,y) 7^ may be achieved for 5 <^1, since dyUi{0, x,y) 7^ 0. 
This completes the proof of Theorem 11.51 
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